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ABSTRACT: Three different models are developed to calculate the thermodynamic product size distribution in
a nucleation-elongation polymerization between a pair of A-A and B-B typed comonomers. These monomers
are designed to undergo a single step of nucleation prior to an isodesmic chain elongation, namely, a cooperative,
step-growth polymerization with dimerization being an energetically less favored process. Particularly, emphasis
is laid on analyzing product distribution under conditions of imbalanced functionality stoichiometry. Consistent
results are obtained from independent approaches, mechanistic and statistical, demonstrating that when the mole
ratio of the comonomers deviates from unity, at polymerization equilibrium such a nucleation-elongation
polymerization generates products of substantially higher molecular weights than those from a corresponding
isodesmic system having an identical energetics for chain propagation yet without the nucleation process. This
higher molecular weight is shown achieved by retaining a large portion of the excess monomer unreacted at
equilibrium and selectively compose product chains with comonomers at a roughly stoichiometric ratio. Essentially,
such a polymer-monomer coexisting bimodal distribution is a result from destabilization of the oligomeric species
due to the nucleation effect.

Introduction

Nucleation-elongation (N-E) is a ubiquitous polymerization
mechanism in the biological regime, typically associated with
helical or tubular structures, and has been relatively well studied,
e.g., with actin, tubulin, bacterial flagellin, and tobacco mosaic
virus.1,2 This N-E mechanism assumes a cooperative chain
growth, featuring a slow, energetically less favored initiation
process forming a nucleus followed by an accelerated, energy-
favorable chain elongation. More recently, chemists have
achieved a diversity of supramolecular complexes via the
assembly of synthetic building blocks emulating the helical or
tubular architectures exhibited by the natural entities,3 and some
of them have even proven to display a similar nucleated
polymerization mechanism as manifested by their biological
counterparts.3e Both theoretical and experimental investigations
have shown that a polymerization following the N-E mecha-
nism exhibits distinct thermodynamic and kinetic characteristics
from those of isodesmic systems.1,4 It is thus envisioned that
systems governed by such N-E mechanism will display novel
properties that are not accessible with classical synthetic
polymerization techniques.3e,4–6 Nonetheless, most previous
theoretical studies aimed at elucidating thermodynamic and/or
kinetic properties of N-E polymerizations have focused on
systems involving a single A-B (or A-A) type, self-
complementary monomer.1,7 Apparently, in these systems the
stoichiometry of reacting functional groups is intrinsically
balanced. In great contrast to the extensive studies and discussion
on such self-complementary monomer systems, theoretical
studies devoted to N-E polymerization of a pair of comonomers
that each bear two functionalities of the same kind and would
only react with one another (i.e., A-A and B-B type comono-
mers) have so far been limited.4,7 Naturally, investigations at
the effects of stoichiometry imbalance on the N-E polymeri-
zation is even scarce.

The motivation for such a theoretical inspection stems from
our previous experimental endeavors at creating a synthetic,
helical architecture by polymerizing a pair of m-phenyleneethy-
nylene comonomers via an imine metathesis condensation
reaction.6,8 In this system, a N-E chain growth is believed to
arise from the product chain folding into a helical structure.
Two notable features emerged from this reaction, representing
typical differences between synthetic and biological polymeriza-
tions. First, unlike protein polymers comprising subunits joined
by supramolecular interactions, monomers in this synthetic
system were covalently connected via a condensation reaction,
and a small-molecule condensation byproduct was generated
during the polymerization. The general consequences of the
presence of such a small-molecule byproduct in the N-E
polymerization have been discussed in an earlier contribution.4

Second, a pair of A-A and B-B typed comonomers were
employed in this synthetic polymerization. One of the unique
opportunities that were opened up by harnessing such an A-A
and B-B comonomer pair is that the N-E polymerization may
now be conducted under conditions of imbalanced stoichiometry.
This subject was of particular interest to us because we predicted
that a polymerization experiencing a nucleation event during
chain growth should be more tolerant of stoichiometric imbal-
ance of the reacting functional groups. Namely, polymers of
substantial molecular weights (MW) should be generated from
a reversible N-E polymerization even when the functional
group ratio is not rigorously controlled to match the reaction
stoichiometry.8,9 This expectation is in great contrast to that
for a classical isodesmic, step-growth polymerization, wherein
the product MW is extremely sensitive to functionality stoichi-
ometry balancing and high polymers are virtually unattainable
with a significantly imbalanced stoichiometry.10 This is because,
in a nucleated polymerization, species of similar sizes as nuclei
are of higher free energy and less stable relative to longer chains
and monomers. Thus, a group of short oligomers is energetically
disfavored compared to longer polymers that coexist with
unreacted monomers. In the equilibration of a N-E polymer-* Corresponding author. E-mail: dhzhao@pku.edu.cn.
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ization, the product distribution would thus be shifted to favor
more stable species and bifurcate into polymers and monomers
at the expense of depleting unstable oligomers, giving rise to a
bimodal distribution.

This is indeed what was observed with a condensation
polymerization that exhibits the N-E chain growth under
conditions of imbalanced stoichiometry. Experimental results
from this m-phenyleneethynylene polymerization supported our
hypothesis by generating polymer products with substantial MW
at highly imbalanced functional group stoichiometries and
leaving a significant amount of monomers unreacted at equi-
librium.8 A simple model capturing the fundamental mechanistic
features of this nucleated polycondensation system also gave
supportive evidence for the powerful capacity of the N-E
polymerization in generating polymers under imbalanced stoi-
chiometry. However, because of its oversimplified formulation,
information on polymer product size distribution was not
available from this previous model.8 In the current report, more
rigorous approaches are taken to calculate the product MWs
and their distribution under representative conditions of N-E
polymerization with an imbalanced stoichiometry. Results from
these studies have supported our original hypothesis by illustrat-
ing that the N-E polymerization featuring a single nucleation
step (i.e., dimerization) in chain growth can yield polymeric
products of significantly higher MWs than those in an isodesmic
polymerization when the two systems have an identical driving
force for chain propagation beyond dimerization.

Two methods for analyzing product size (or MW) distribution
in step-growth polymerizations are explored in the present
studysmechanistic1,4,7a–e and statistical approaches.7f,10 In
designing new models to study the properties of N-E systems,
comonomers bearing distinct functional groups must be dif-
ferentiated. A mechanistic model depicting a polymerization
between a pair of A-A and B-B monomers exhibiting a single
nucleation step will first be elaborated to reveal the thermody-
namic size distribution of products at varied comonomer
stoichiometries. Then, statistical methods, including the recursive
approach developed by Macosko and Miller,10b will be applied
to the same system. Agreement will be shown reached by these
different approaches. In order to explicitly delineate the effect
of nucleation, for both mechanistic and statistical models
comparisons will be made between the isodesmic and N-E
mechanisms.

It should be noted that, although the following discussion
will be focused on calculation results concerning polymeriza-
tions displaying a nucleating dimerization process, mathematical
models developed herein is equally applicable to systems that
exhibit a tight (i.e., energetically favored) dimerization. Ad-
ditionally, simple modifications to the models will avail corre-
sponding results for polymerizations that do not generate the
small-molecule byproduct. Relevant results are shown in the
Supporting Information.

Results and Discussion

I. Mechanistic Model. The mechanistic scheme shown by eq
1 describes a reversible step-growth polymerization as a process
of sequential monomer additions to a growing species, leading
to a set of products of different sizes. A and B represent a pair
of bisfunctional comonomers, each bearing two functional
groups of the same kind. AmBn represents a species comprising
m A units and n B units in an alternating sequence, since A
and B only react with each other but not with themselves (i.e.,
m ) n or n ( 1). D is a small-molecule byproduct that is
generated with each condensation reaction. Each monomer
addition step in eq 1 is reversible and associated with an
equilibrium constant. Under equilibrated conditions, the con-
centration of each product sequence, denoted by species in

brackets, [AmBn], can thus be expressed as a function of
concentrations of unreacted monomers A and B and byproduct
D, along with a set of association constants (eq 2). Apparently,
the formation of a given species can be realized via a number
of different pathways, but its equilibrium concentration is
independent of these specific pathways. The particular set of
equations chosen in eq 1 is not necessarily the kinetically most
favorable pathways but representative, thermodynamically viable
ones.

A+B y\z
4σK

AB+D

AB+A y\z
K

A2B+D

AB+B y\z
K

AB2 +D

A2B+B y\z
4K

A2B2 +D

·
·
·

(1)

[AB]) 4σK[A][B]/[D]
[A2B])K[AB][A]/[D]) 4σK2[A]2[B]/[D]2

[AB2])K[AB][B]/[D]) 4σK2[A][B]2/[D]2

[A2B2]) 4K[A2B][B]/[D]) 42σK3[A]2[B]2/[D]3

·
·
·

[AnBn]) σ4nK(2n-1)[A]n[B]n/[D](2n-1)

[AnBn+1]) σ4nK2n[A]n[B]n+1/[D]2n (ng 1)

[An+1Bn]) σ4nK2n[A]n+1[B]n/[D]2n

(2)

In a realistic polymerization system (including the N-E
polymerization), the association constants for monomer additions
to growing chain ends of varied sizes may or may not be the
same. In the current model described by eq 1, in order to
simplify the calculations and elucidate the fundamental features
of the N-E polymerization, only the association between
monomers A and B (i.e., dimerization) is set to have a free
energy change different from those of subsequent chain elonga-
tion steps. The magnitude of this disparity in free energy change
is reflected as a coefficient, σ, in the equilibrium constant of
dimerization. All further monomer additions to dimer and higher
species are assumed to take place with an identical free energy
change and thus have the same equilibrium constant, K.
Evidently, when σ < 1 eq 1 corresponds to a N-E polymeri-
zation, and if σ ) 1 it represents a classical isodesmic step-
growth system. Moreover, as implied by eq 1, A and B are
designated to be energetically equivalent.

It should be noted that a cofactor 4 is added in the association
constants of some of the steps in eq 1. This is a result of
statistical factors in the polymerization equilibration. If the
reaction between a functionality A (functional groups in
monomer A will be referred to as functionality A in the
following discussion; likewise for functionality B in monomer
B) and a functionality B assumes an equilibrium constant K,
then the association of a bifunctional monomer A with a
bifunctinoal monomer B has a statistical factor of 4 because
each of the two functionality A may react with either of the
two functionality B. Such a statistical factor should apply to
monomer additions to all symmetrical sequences (i.e., AnBn+1

and An+1Bn, each having the same kind of end functionalities).
For monomer additions to asymmetrical species, AnBn, a
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statistical factor of 2 for the forward reaction is canceled out
by the same statistical factor for the reverse reaction (due to
the fact that two equivalent bonds in the product may break up
to give back the same set of starting materials).

On the basis of eq 2 and the total mass equations (eqs S3-S5
in the Supporting Information), one may calculate [A], [B], and
[D] at polymerization equilibrium as functions of the total
(initial) concentrations of A and B (denoted by [A]0 and [B]0,
respectively) as well as σ and K.11 As an equal-molar reaction,
[A]/[A]0 and [B]/[B]0 are independent of absolute values of [A]0

and [B]0 and only dependent on [A]0/[B]0 at given σ and K
values. In order to demonstrate the effect of monomer stoichi-
ometry change on the polymerization, correlation between the
concentration of unreacted monomers at equilibrium, ([A] +
[B]), and the initial monomer ratio, [A]0/[B]0, was studied, and
representative results are shown in Figure 1. Under representa-
tive conditions corresponding to isodesmic and N-E mecha-
nisms (σ ) 1.0 and 1.0 × 10-4 for the isodesmic and N-E
systems, respectively, and K ) 1.0 × 104 for both), distinct
thermodynamic behaviors are manifested.12 First of all, within
the examined range of [A]0/[B]0 (from 1.0 to 0.7), the relative
concentration of unreacted monomers, ([A] + [B])/[B]0, at
equilibrium of the N-E polymerization was consistently found
to be much higher than that in the corresponding isodesmic
system (Figure 1a).13 This result explicitly indicates that, even
though the two mechanisms have an infinite number of steps

proceeding with an identical free energy change, the energy
difference in a single step (i.e., dimerization) dramatically alters
the outcome of the polymerization reaction. As one may
intuitively imagine, when [A0]/[B0] is noticeably less than unity,
unreacted B is present in much more abundance than unreacted
A at equilibrium. Most impressively for the N-E mechanism,
when [B]/[A]0 was plotted against ([B]0 - [A]0)/[A]0, a nearly
straight line with a slope close to unity was obtained (Figure
1b). This means that under the exemplified N-E conditions the
amount of monomer B remaining unreacted at the polymeri-
zation equilibrium almost accounts for all B in excess of A at
the beginning of the polymerization; that is, the excess B was
nearly quantitatively excluded from the product molecules. It
can then be inferred that repeating units A and B are present in
product chains at a roughly stoichiometric ratio. In contrast,
this did not occur in the isodesmic system, wherein the unreacted
monomer concentration at equilibrium represents less than half
of the excess monomer initially present in the system. It thus
implies that the N-E system may potentially be producing
polymers of higher MW than the corresponding isodesmic
system under the described conditions (vide infra).

Using the equilibrium concentration data of [A], [B], and [D],
the number- and weight-average degrees of polymerization as
well as the polydispersity index (PDI) of the two systems were
calculated (see the Supporting Information for mathematical
details). In the plot of number-average degree of polymerization,
〈dp〉n, against the total (initial) monomer ratio (Figure 2a) it
was found that, even though when [A]0/[B]0 is equal to or
slightly less than unity the N-E mechanism gives notably higher
〈dp〉n than the corresponding isodesmic system,4 there is not
much difference in 〈dp〉n between the two systems when [A]0/
[B]0 is below 0.95. However, under the same conditions
significantly higher weight-average degree of polymerization
(〈dp〉w) was obtained for the N-E polymerization than that from
the isodesmic system throughout the entire range of monomer
ratio examined ([A]0/[B]0 ranging from 0.7 to 1, Figure 2b).
This difference in 〈dp〉n and 〈dp〉w suggests that there is a
prominent distinction in the product size distribution between
the N-E and isodesmic systems. This is explicitly depicted by
the polydispersity index (PDI) data (Figure 3a). While the PDI
of the isodesmic polymerization remains roughly constant near
2.0 as [A]0/[B]0 diminishes from 1.0 to 0.7, the PDI of the N-E
system increases to very large numbers as [A]0/[B]0 deviates
from unity. The very large 〈dp〉w and PDI values, as well as the
earlier evidence for the presence of a high concentration of
unreacted excess monomer in the N-E system (Figure 1),
strongly suggest that polymers with substantial MWs are
generated in the N-E polymerization, coexisting with a large
amount of unreacted excess monomers.

In order to confirm this hypothesis, the average degrees of
polymerization were then calculated for only the product
molecules (including oligomeric and polymeric species of all
sizes but excluding the unreacted monomers) for the N-E and
isodesmic systems. Their values are plotted against [A]0/[B]0

and shown in comparison in Figure 4 (〈dp〉n′ and 〈dp〉w′ denoting
the number- and weight-average degrees of polymerization of
the product molecules, respectively). Just as expected, the N-E
system now gives both larger number- and weight-average
degrees of polymerization than the isodesmic system. Remark-
ably, for example when [A]0/[B]0 ) 0.7, 〈dp〉n′ equals ca. 7.5
in the isodesmic system with σ ) 1.0 and K ) 1.0 × 104, while
〈dp〉n′ reaches over 300 for the N-E mechanism with the same
K value and σ ) 1.0 × 10-4. Apparently, under conditions of
imbalanced stoichiometry, the possible way to achieve high-
MW polymers is to selectively construct molecules with
comonomers at a near-stoichiometric ratio and exclude the
excess monomer from the polymer chains. This is proven by

Figure 1. Plots of the relative concentration of unreacted monomer(s)
at polymerization equilibrium as a function of (a) the initial monomer
molar ratio and (b) the relative amount of comonomer in excess in the
nucleation-elongation (solid line) and isodesmic (dashed line) poly-
merizations, respectively; representative values of equilibrium constant
K and nucleation factor σ used for calculations are as indicated (the
denotations of K and σ are defined in eq 1).
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our calculations happening to the N-E polymerization. Such a
monomer-polymer coexisting bimodal distribution is mecha-
nistically achieved by creating a nucleation event in the initiation
of chain growth and thereby thermodynamically destabilizing
the short oligomers. Under equilibration conditions, short
oligomers are thus shifted to form longer chains of higher MW
by leaving out the excess terminal units.

Moreover, the PDI′ (i.e., 〈dp〉w′/〈dp〉n′) was found to remain
very close to 2.0 for the N-E polymerization as [A]0/[B]0 ranged
from 1.0 to 0.7 (Figure 3b). This implies that the polymers
generated from the N-E polymerization under conditions of
imbalanced stoichiometry resemble the polymers produced by
a classical isodesmic polymerization with a perfectly balanced
functionality stoichiometry, except that the former exists in
equilibrium with a larger amount of unreacted monomers. It
should also be noted that Figures 1a and 4a present consistent
results with those from a previously studied experimental N-E
polymerization reaction of a pair of A-A and B-B type
comonomers.8 In that polycondensation reaction, a nucleation
event in the chain growth resulted from the polymer product
adopting a helical conformation. At polymerization equilibria
with varied monomer ratios, the experimental system consis-
tently displayed monomer-polymer bimodal distributions.
Products with substantial MW were detected coexisting with
considerable unreacted monomers, the amount of which was

found to be nearly as much as that of the comonomer added in
excess of the other at the beginning of the polymerization.

One may realize that the equilibrium constant for the
association of two chains (e.g., {AmBn + ApBqT Am+pBn+q +
D}, with m, n, p, q g 1, |m - n| e 1, and |p - q| e 1) should
be K/σ (or 4K/σ, depending on the symmetry of the reactants)
and argue that the observed higher MW in the N-E polymer-
ization is merely resultant from enhanced association strength
between chain ends. It is worth noting that the excess free energy
gain (by a magnitude of RT ln σ) from such a chain-chain
association is the exact compensation of the extra energy paid
by ApBq for nucleation during its formation, relative to the
monomer addition as in {AmBn + A (or B) T Am+1Bn (or
AmBn+1) + D}. Therefore, no extra energy is invested in favor
of the N-E system relative to the corresponding isodesmic
reaction with the same K. Nonetheless, in order to help delineate
the effect of σ on polymerizations, distributions in N-E and
isodesmic polymerizations with an equal K/σ but different σ
value (e.g., σ ) 0.01, K ) 100, and σ ) 1, K ) 104) are
calculated and shown in the Supporting Information (Figure S1).
These results unambiguously demonstrate that even under such
disfavored conditions (with a much smaller K) the N-E system
still manifests larger DPs and a bimodal distribution under
imbalanced stoichiometry conditions. It is therefore obvious that
the observed distinctive behaviors of the N-E system are not
solely resultant from an enhanced strength for chain-chain

Figure 2. Plots of (a) number- and (b) weight-average degrees of
polymerization (counting product molecules of all different sizes as
well as unreacted monomers) as functions of initial monomer molar
ratio in the nucleation-elongation (solid line) and isodesmic (dashed
line) polymerizations (two lines nearly overlap in the plot of 〈dp〉n when
[A]0/[B]0 < 0.95); representative values of equilibrium constant K and
nucleation factor σ used for calculations are as indicated.

Figure 3. Plots of polydispersity index as a function of initial monomer
molar ratio in the nucleation-elongation (solid line) and isodesmic
(dashed line) polymerizations; representative equilibrium constant K
and nucleation factor σ values used for calculations are as indicated:
(a) PDI ) 〈dp〉w/〈dp〉n and (b) PDI′ ) 〈dp〉w′/〈dp〉n′.

4032 Zhao and Yue Macromolecules, Vol. 41, No. 11, 2008



association. A significant nucleation effect, i.e., a small σ value,
a large energy barrier for the initiation of chain growth, and
the destabilization of the oligomeric species, is the critical
prerequisite for larger DPs and a bimodal distribution under
imbalanced stoichiometry conditions.

II. Statistical Approach. With the above mechanistic model,
as long as the equilibrium constants of nucleation and elongation
steps (i.e., σ and K) are known, all thermodynamic information
about the polymerization system is obtainable. However, under
experimental circumstances, σ and K are usually unknown and
to be determined. What may be more directly available from
the polymerization experiments are the reaction and/or functional
group conversions. These may be acquired by, for example,
monitoring the end-group concentration change with the as-
sistance of various analytical techniques. Since the reaction
conversion is related to the statistical probability of chain
propagation, methods have been developed using statistical rules
to calculate the polymer size distribution based on reaction
conversion data.10,14 Yet, most of the reaction-conversion-based
models of step-growth polymerizations are built upon the
principle of equal functionality reactivity.10 That is, during a
polymerization the reactivity of a functional group is indepen-
dent of the size of the chain it is attached to. Consequently, in
a polymerization system, regardless of their sizes, all chain ends

bearing the same functionality have an equal probability to
propagate (i.e., isodesmic).

This equal probability theory has proven valid in most synthetic
systems.10 Nevertheless, the essential difference of a N-E
polymerization from an isodesmic system is that the reactivity
of the functional groups becomes chain length dependent.7f,15

Previously, a limited number of theoretical calculations on the
product size distribution in polymerizations involving unequal
functionality reactivities have been carried out.14,15 One of the
examples discussed by Case was relevant to our current problem,
in which the reactivity-size dependence of acid anhydrides in
polymerization with diols was analyzed.16 In a N-E system
wherein dimerization acts as the only nucleation step followed
by an isodesmic chain elongation (i.e., the mechanism repre-
sented by eq 1), monomers may be considered as exhibiting
similar behaviors to those of an acid anhydride in a polymer-
ization reaction. Namely, the two functional groups are equiva-
lent in the same monomer, but once one of them is reacted the
reactivity of the other changes and remains constant thereafter.

Hence, calculations on the product distribution in such a N-E
polymerization are carried out as follows. At a given overall
reaction conversion, the probability of a functional group in an
unreacted monomer to be reacted is different from that of the same
functionality at the end of chains comprising more than one
monomer units. Specifically for the N-E mechanism, the former
is lower than the latter. Since we are interested in conditions of
imbalanced stoichiometry, conversions of the two different func-
tionalities, A and B, are necessarily differentiated. Consequently,
four different variants related to functionality conversion, PA1, PA2,
PB1, and PB2, are required for setting up a statistical model to
evaluate the product size distribution in a N-E system with a
nucleus size of 2. PA1 is designated as the fraction of monomer A
that has either or both functional groups reacted; PA2 is the fraction
of the same kind of monomer with both functional groups reacted.
Thus, (PA1 - PA2) is the fraction of monomer A with only one
and either one of the functionalities reacted, and (PA1 + PA2)/2
represents the overall conversion of functionality A. PB1 and PB2

are denoted for the corresponding physical meanings related to
monomer B.

In addition to PA1, PA2, PB1, and PB2, NA and NB are defined
as the total (initial) numbers of functionalities A and B in
the system, respectively (e.g., NA ) 2[A]0 in a unity volume),
and N0 is the sum of NA and NB (N0 ) NA + NB). Since for
each functionality A to be reacted, there is a functionality B
being reacted, one has NA(PA1 + PA2) ) NB(PB1 + PB2).
Therefore, the total number of unreacted functionalities A
and B combined, should be

NP )
NA(2-PA1 -PA2)+NB(2-PB1 -PB2)

2
(3)

Np/2 thus corresponds to the total number of product molecules
plus unreacted monomers in the system. Categorized by their
end groups, there are three different series of product molecules
in the system. The population of each of them can be calculated
on the basis of the number of their end groups. First, the total
number of end group A (i.e., unreacted functionality A) of
molecules starting with a repeating unit A, ending with a
repeating unit A, and containing n repeating units A and (n -
1) repeating units B (n g 2) should be

N0

1+ (PA1 +PA2)/(PB1 +PB2)

(PA1 -PA2)

2 ( 2PB2

PB1 +PB2
)n-1

×

( 2PA2

PA1 +PA2
)n-2(PA1 -PA2

PA1 +PA2
) (4)

This expression is obtained as the product of the total number
of functional group A, NA (reacted and unreacted), probabilities

Figure 4. Plots of (a) number- and (b) weight-average degrees of
polymerization of product molecules (including oligomers and polymers
of different sizes but not unreacted monomers) as functions of initial
monomer molar ratio in the nucleation-elongation (solid line) and
isodesmic (dashed line) polymerizations; representative equilibrium
constant K and nucleation factor σ values used for calculations are as
indicated.
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of finding an unreacted functionality A belonging to a monomer
with the other functional group reacted among all these
functionality A’s, finding (n - 1) repeating units B with both
functional groups reacted among units B having at least one of
the two functional groups reacted and (n - 2) units A with
both functional groups reacted among those A having at least
one functional group reacted, and last finding one unit A with
only one functional group reacted among those A having at least
one functional group reacted. Similarly, the total number of end
group A in molecules starting with a repeating unit A and
containing n repeating units A and n repeating units B (n g 1)
should be

N0

1+ (PA1 +PA2)/(PB1 +PB2)

(PA1 -PA2)

2 ( 2PB2

PB1 +PB2
)n-1

×

( 2PA2

PA1 +PA2
)n-1(PB1 -PB2

PB1 +PB2
) (5)

The number of end group B in molecules starting with a
repeating unit B and containing n repeating units A and n
repeating units B (n g 1) is

N0

1+ (PB1 +PB2)/(PA1 +PA2)

(PB1 -PB2)

2 ( 2PA2

PA1 +PA2
)n-1

×

( 2PB2

PB1 +PB2
)n-1(PA1 -PA2

PA1 +PA2
) (6)

Naturally, expressions 5 and 6 are equivalent to each other as
they are referring to the same set of molecules. Lastly, the
number of end group B in molecules starting with a unit B and
containing n repeating units A and (n + 1) repeating units B (n
g 1) should be

N0

1+ (PB1 +PB2)/(PA1 +PA2)

(PB1 -PB2)

2 ( 2PA2

PA1 +PA2
)n

×

( 2PB2

PB1 +PB2
)n-1(PB1 -PB2

PB1 +PB2
) (7)

Additionally, the total numbers of functional groups belonging
to unreacted monomers A and B (neither functionality is reacted)
should be respectively

NA(A))
N0(1-PA1)

1+
PA1 +PA2

PB1 +PB2

(8)

NB(B))
N0(1-PB1)

1+
PB1 +PB2

PA1 +PA2

(9)

Naturally, the sum of expressions 4–9 for all n’s up to infinity
is equal to Np (eq 3). Consequently, the mole and weight
fractions of different molecules of any size can be calculated
on the basis of the above end-group numbers along with Np

and N0. Thus, the number- and weight-average degrees of
polymerization can be derived as functions of PA1, PA2, PB1,
and PB2 (see the Supporting Information for details). For
example, the number-average degrees of polymerization for the
overall system and the product molecules (not including
unreacted monomers) should be respectively

〈dp〉n )
N0

Np
) 1

1-
(PA1 +PA2)(PB1 +PB2)

PA1 +PA2 +PB1 +PB2

(10)

〈dp〉n ′ )
N0 -NA(A)-NB(B)

Np -NA(A)-NB(B)
)

2PA1PB1 +PA1PB2 +PA2PB1

PA1PB1 -PA2PB2

(11)

Here 〈dp〉n and 〈dp〉n′ have the same definitions as in section I.

III. Recursive Approach (Macosko-Miller Method). Al-
though 〈dp〉n and 〈dp〉n′ can be obtained relatively easily, the
expressions of 〈dp〉w and 〈dp〉w′ are more sophisticated from the
above method. The recursive approach developed by Macosko
and Miller has proven very effective and convenient for
calculating the average product size in (co)polymerizations,
especially for the weight-average values.10b,17 Herein, this
recursive method is also adapted to the N-E polymerizations.

Unlike all previous examples using the Macosko and Miller
method in the literature, the N-E polymerization features a
size-dependent chain extension probability. Accordingly,
modifications to the original method are warranted to
accommodate this new characteristic. Again, in the simplest
case of N-E chain growth, dimerization being the only
nucleation step followed by an isodesmic elongation process,
a functional group at the end of a chain that contains two
monomer units or more has a reactivity (i.e., probability of
being reacted and for chain extension) different than that
belonging to an unreacted monomer. Namely, the likelihood
of the presence of another monomer unit following a given
one is dependent on the presence (or absence) of a repeating
unit prior to the one of interest. Accordingly, in the modified
Macosko-Miller protocol, eight different variants are neces-
sary for adequately defining the appropriate recursive cor-
relations (Scheme 1).

Equations showing the correlations between these variants
in a N-E polymerization with a nucleus size of two can be
obtained using the recursive principle:17

AT
in ) 1+AT

out

AT
out )

PA1 -PA2

2- (PA1 +PA2)
BI

in

AI
in ) 1+AI

out

AI
out )

2PA2

PA1 +PA2
BI

in

BT
in ) 1+BT

out

BT
out )

PB1 -PB2

2- (PB1 +PB2)
AI

in

BI
in ) 1+BI

out

BI
out )

2PB2

PB1 +PB2
AI

in

(12)

In the above equations, A/BT/I
in/out have the definitions related

to expected chain lengths as indicated in Scheme 1, and PA1,
PA2, PB1, and PB2 have the same meanings as designated in

Scheme 1. Schematics Showing the Denotations for the Expected
Chain Lengths after a Given Monomer Unit in a Polymerization

of a Pair of Comonomers A-A and B-Ba

a A-A and B-B each represents one monomer unit bearing two
functionalities; units inside parentheses may, or may not, exist;
subscripts T and I represent terminal (unreacted) and internal (reacted)
functionalities, respectively; otherwise, the denotations are defined in
accordance with previous examples of the Macosko-Miller method
in the literature.10b,17
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section II. Solving eq 12 gives solutions to all eight unknowns
(A/BT/I

in/out) as functions of PA1, PA2, PB1, and PB2 (see the
Supporting Information for details). With these results, one can
calculate the weight- and number-average degrees of poly-
merization for the N-E system as follows:

〈dp〉A ) (1-
PA1 +PA2

2 )AT
in +

PA1 +PA2

2 (AI
in +BI

in)

〈dp〉B ) (1-
PB1 +PB2

2 )BT
in +

PB1 +PB2

2 (AI
in +BI

in)

〈dp〉w )
[A]0

[A]0 + [B]0

〈dp〉A +
[B]0

[A]0 + [B]0

〈dp〉B

(13)

Here, 〈dp〉A and 〈dp〉B are the expected chain lengths, when a
repeating unit A or B is randomly picked within the chain,
respectively. In this case, unreacted monomers are included in
calculations. Equations 13 and S40 accordingly give the weight-
and number-average degrees of polymerization of the entire
system with oligomers, polymers, and unreacted monomers all
counted. If the corresponding values are to be calculated only
for only the product molecules (including oligomers and
polymers and excluding unreacted monomers), the following
set of equations should instead be used:

AT
in(p)) 1+AT

out(p)

AT
out(p))BI

in(p)

AI
in(p)) 1+AI

out(p)

AI
out(p))

2PA2

PA1 +PA2
BI

in(p)

BT
in(p)) 1+BT

out(p)

BT
out(p))AI

in(p)

BI
in(p)) 1+BI

out(p)

BI
out(p))

2PB2

PB1 +PB2
AI

in(p)

(14)

Here, the letter p in the parentheses denotes polymers. The
difference between eqs 12 and 14 is that, since monomers are
excluded in the latter, AT

out(p) should be equal to BI
in(p) and

BT
out(p) be equal to AI

in(p). Solving eq 14, one has all the
expressions for A/BT/I

in/out(p). Accordingly, the weight- and
number-average degrees of polymerization for product mol-
ecules can be derived (see the Supporting Information).

〈dp〉A(p))
PA1 -PA2

2PA1
{AT

out(p)+ 1}+
PA1 +PA2

2PA1
{ AI

out(p)+

BI
out(p)+ 2}

〈dp〉B(p))
PB1 -PB2

2PB1
{ BT

out(p)+ 1} +
PB1 +PB2

2PB1
{ AI

out(p)+

BI
out(p)+ 2}

〈dp〉w′ )
PA1[A]0

PA1[A]0 +PB1[B]0
〈dp〉A(p)+

PB1[B]0

PA1[A]0 +PB1[B]0
〈dp〉B(p) (15)

It should be noted that in the above analyses no conditions
were set to confine PA1, PA2, PB1, and PB2 to be equilibrium
values. Therefore, results from the statistical and Macosko-Miller
recursive methods should be applicable to pre-equilibrium states.
In other words, if changes of PA1, PA2, PB1, and PB2 with reaction
time can be determined, the above equations are valid for
evaluating the kinetic properties of polymerizations with a chain
growth mechanism in accordance with eq 1. Moreover, all
results derived from the last two approaches should be equally

applicable to systems with or without the small-molecule
byproduct formation (see the Supporting Information).

As the mechanistic and statistical methods (including the
Macosko-Miller recursive protocol) can all be used to describe
the same type of polymerization, e.g., the N-E polymerization
with a nucleus size of 2, calculation results from these different
approaches should be consistent under thermodynamic equilib-
rium conditions. The correlations between these methods can
be drawn by relating the conversion variants, PA1, PA2, PB1,
and PB2, with the concentrations of A, B, and D at equilibrium.
These relationships are relatively straightforward (eq S50).
Combining these with eqs S3-S5, the equilibrium values of
PA1, PA2, PB1, and PB2 can be derived as functions of [A]0, [B]0,
σ, and K.11 In both isodesmic and N-E polymerizations under
representative conditions as described in Figure 5, PA1 and PA2

were found to be invariably near unity at all examined [A]0/
[B]0 ratios (not shown), indicating quantitative conversion
achieved for the quantity-limiting monomer. Corresponding PB1

and PB2 values calculated at varied [A]0/[B]0 are shown in Figure
5. Evidently, these conversion data support the conclusions
drawn from the mechanistic model. In the N-E system, there
is only a very slight difference between the values of PB1 and
PB2 as [A]0/[B]0 varies. Since (PB1 - PB2) corresponds to the
fraction of monomer B being the terminal unit of product chains
and (PA1 - PA2) is negligible compared to (PB1 - PB2), a small
value of (PB1 - PB2) indicates that monomer B dominantly
exists either as internal repeating units of polymers or as
unreacted monomer in the N-E system and that a minimal
number of chain ends and thus fairly long chains should exist
in the system. In great contrast, under the isodesmic conditions
PB2 is considerably smaller than PB1, implying a much larger
number of chain ends and thus a significantly lower average
MW of the products. Moreover, when these conversion data
were applied to the molecular size functions obtained from
statistical or Macosko-Miller methods, the results (Figure S2)
are in agreement with those attained from the mechanistic model
shown in Figures 2 and 3.18 The fact that independent methods
give consistent results unambiguously verifies these different
approaches.

Conclusions

Three models (mechanistic, statistical, and Macosko-Miller
recursive methods) have been developed or modified to calculate
the product size distribution in a N-E polymerization, in which
dimerization acts as a nucleation event followed by an isodesmic
chain elongation process. All these models consistently show
that the free energy change of a single step, i.e., dimerization,

Figure 5. Equilibrium conversion data of functionality B in the
nucleation-elongation (σ ) 1.0 × 10-4 and K ) 1.0 × 104) and
isodesmic (σ ) 1.0 and K ) 1.0 × 104) polymerizations at varied initial
monomer molar ratio.
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dramatically alters the thermodynamic product distribution in
step-growth polymerizations. The models reveal that the N-E
polymerization invariably produces polymers of higher MWs
than those from a classical isodesmic reaction under similar
conditions. Most notably, even when the stoichiometry of
polymerization functionalities is highly imbalanced, the N-E
system yields polymers of substantial MWs coexisting with the
excess monomer, giving rise to a bimodal distribution. This is
in stark contrast to classical isodesmic systems. From the free
energy point of view, a bimodal distribution is an inevitable
result of nucleation. With an energy-disfavored chain initiation
process, species of nucleus size are elevated in energy and
destabilized relative to longer polymers and monomers. Thus,
a reversible N-E polymerization favors a distribution compris-
ing more stable, longer chains coexisting with unreacted
monomers over one that mainly consists of short oligomers.
This disparity in product distribution between isodesmic and
N-E polymerizations is manifested most remarkably under
imbalanced stoichiometric conditions as short oligomers domi-
nate in such isodesmic reactions, and the equilibrium state is
shifted away from these high-energy species in the N-E system.
This feature of high tolerance of stoichiometry imbalance
depicted by the N-E polymerization implies its unique potential
applications in condensation polymer syntheses. The least of it
may be loosening the requirement for monomer purity in step-
growth polymerizations and allowing high polymers to be made
under conditions of less rigorously controlled stoichiometry.
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